


Scaling groups

I. Definitions / first properties

Def : let (X ,dx) , (y, dy) mehic spaces
.

A map f : X-Y is a Q -
I . if there

are constants (31
,

130 Sit.

(i)

1 dx(x,y) - R = dy (f(x), f(y)
= C . dx(x , y) + 1 (x

, y
=X

(il dy (y , f(x)) =kVyeY

Equivalently , f is a G . I E (1) holds

andEg : -X S . t .

d /gof , Idx) , d/fog · Fdy)
< K .

where for h . ha : X + :

& (h , he) : = Sup dy (h , (x1 , he(x1) ·
X X



observation : a Q . I. f : X+ Y has uniformly

bounded fibers : FP31, If
"(yl)1 - 0 FyeY·

If x , XEf" (y3) , then

dx(x ,x) = C . (d(f(x), f(x)) + k)
= Ck

Def : ko .
A D .I . F : X-Y is

quasi-e-to-one if 7230
:

FACY (kIAl-If-(A)1) -
> C . IdAl

Y

finite
where GyA : = GyeY / A : JaeA

, ya)

Theorem (Whyte ,

1999) : X
,

Y graphs .

A D .
F

. f : X-Y is quasi-one-to-one
if and only if f is at

bounded

distance from a bijection .

Between mon amenable spaces , any

9& I . is quasi-l-to-one for any 130 :

Y not anenable => 7930 , 12yAl > E-IAI

FACY finite



/kIAI-If - (A)I) < k - /Al + 1f"(A)l
-

1 P. /Al

= (k + p) . /Al

[ ↳
P
. 12yA) .

E

Lemma : X
,
Y amenable graphs.

If f : X- Y is quasi-l-to-one
and

then K = k'

quasi-l'-to-one,

Proof : /KIAI-IFTAII C . IAI FA
finite

Apply to (fulne a Folwer sequence of Y:

1h - EFFIC . IGE)
-

(Ful IFnl

" k = In =Il



Proposition : k
,
230 · A : X+ Y

, g
: Y+ E

,

h : X -> Y .

(2) of quasi-le-to-one and
h is at

bounded distance from f , then
h

is quasi-he-to-one .

(i) If I is quasi-he-to-one, g is

quasi-l2-to-one ,
the gof is

quasi-knke-to-one.

liv) f quasi-ke-to-one ,
then any

quasi-inverse of f
is quasi-1-to-one.

Is

Lemme : X bounded degree graph.

(i) VAIX finite, So ,
then

lA
+ 1 <NS . AI

where N3 1 is a fixed upper
bound

on degree of vertises of X

AtS : = (beX : JaeA,
dla i b) <SY



= UB(a, S) .

GEA

(i) FAcX linite, So , FR30
s . t .

(A
+S (1) R . /GA) .

Proof : (i) if a A
,
there are - NI

paths starting from a and ending at

an
element of At

lA
+11 /Al : Ni <NS

. IAl .

i =0
+ (s-1)

(i) AtS 1 A = (2xA)

and apply (is. A

Lemma : f : X+Y & .
I

.

5 (0
, 18xf"(A) 1 E L · 16y Al FAY

finite .

Proof : Let XGyf" (A) .
Than 5 yef"(A)

with dx (x ,y)
= 1 .

then dy (f(x)
,Lyl) dxxy



=> f(x) A
+(+ x)

=> xf
+ (A

+( +1)) .
Thus

18xf + (Alle If (A
+ (+ -f+ (A))

= If " (A
+(+1)

,A))
Puniform

= P . (A
+(+k)

,Al , bound on

If (y37/
< P. R . 18

,
Al

. B

Proof of the Proposition :

(i) d(f , h) < & .

This implies
that f (B) ah " (B+4)

h" (B) < f" (B
+3)

.

Let Acy finite :

1k
,
1AI-IGA)1) /kIAl-If " Aill

+ /14-(A)I-I4CA) Il
=> C . 12A) + 1If -CAll-thisA)

and :



If" (All-In"(A)l < /h+ (A + 11 - 16
- (A))

= /h A
+P

- A)/

↓ P. /AtaA) Priform
/ bound on

< P. R . /GAl (4-1/(yi)/

InAll-1f-1(A)1 & If
"(A+e , All

↓ pi . R . /GA) ,
D'inform
boud on

If-1((yl)/

=> (k1Al-1h(All)* (C+ max/P, Pl ·R) . IGAI

=> h is quasi-by-to-one .

C ~ constant forg
(i) ACZ finite :

De constant for f

(k. k21Al-1(gof) " (A)I/

-
>(kkulAl-k1g" (A))) + /kig" (All-If"(cal)
& k/keIAl-IgAll) + D . /Gyg ()/



[k1. C
. IGA) + D . L . 18z Al

= (k· c + D . LIIzAl .

=> got is quasi-bike-to-one. D

Corollary : He
,
Hz f G.

[G-to-oneJ a quasi--
He + He

Proof : HEfG ,

then HGG is

quasi-t-to
oue

G
cy 10 :He]

He He

Corollary : He
,
He If G .

If [G : Hr] = [GiHz) , then
H
e
and the

are bilipschitz equivalent
(i . e . bijective quasi-isomehies ,



i
.
e. bijective Lipschitz maps H, + He

whose inverse is also Lipschitz)
X amenable, bounded degree graph :

Sc : QIsc(X) -> Iso

f quasi-k-to-onef h

is a group morphism .

Then

Sc(X) : = Im(Sc) is a

subgroup of (1so
,

) -

Questions : X = Cay (G, S)

· Is it true that any
D .

I
.

G+G

is scaling !

· In general,
what is Sc(6) !

Proposition : Sc(6) = Ro if :

(i) G = BS(1, u),
u32

(i) Carnot groups
(e . g .

[d
,

Heis(2)

(ii) G = SOL(IR) or any of its lattice.



Proposition: letF be a finite group .

(Tullia Dymarz, 2010)
Then one

has

Sc(F(2) = < Ph , . ...Pu

where
pr..... Ph are

the prime numbers in

the decomposition of IF1.

Algebraic consequences :

Corollary: G f .

g
amenable. If Sc(6) = 47)

,

then G has no f . i. proper subgroup

isomorphic to itself .

Proof : If HE G, 20 . H] < a

/
=> 1 + Sc(f) = (1) = [6 : HT= 7

CG :H] => H = G
.

1

Corollary :
6 f.g .

amenable. If Sc(6) = Se,

if Hitt EfG are bilipschitz equivalent,
then [G : H1] = [G : Hz] .



Zamplighters
Def : A

,
i two groups

AlB : = (A) > B

U

(b . f((b)) : = f(bb'

If A = < (a, .. ., an 3)
,

B = <by . . .

, bus)
,

then ALB is generated by "T

U := 4 (Sa
:

1 1B)
,

(11
, bj) : 1 bien, 12jhm3

1) : B + A
,

bH 1 a
if b = 13

Sa : B + A
,
bi otherwise.

(c
, p) e AzB : a colouring of Cy (B,T)

pE B an arrow moving
in Cay (B ,T).

2 elementary moves in Cy(ALD, U1 :

and the arrow

· either c stays the same,

goes from p
toabj (use (4 , bj)



· or the arrow stays where it stands,

and change the color at
p ,

that

goes from <(p) to < (p)a:
Juse (8a

: Mis)).

Theorem /Genevois - Tessera
,

2024) :

Let F
.
E be non trivial finite groups.

G
,

H amenable
, finitely presented

and one-ended groups.
Then there

exist a,
r
.
s
,

1 such that any

quasi-isometry F(G - ECH is

quasi-f-to-one ,
and if there is

indeed such a Q .
F
..

IE1 = a El= as

Corollary : # finite, 913 .

G amenable, f -

p .,
one ended

.

Then any Q .
I

.

FIG - FIG is at

bounded distance from a bijection .

In particular, Sa(F(f) = (13 -



Theorem : E
. E finite groups, #31) ,

6.H anenable f . p .,
one-ended .

let 4 : F
.

26 - Fil be a Q .

1
.

then there exist a bijection

2: F -E
,

a Q .
I

. B : G + H

G H

Inch that4 is at bounded distance

from 4 : F2G + ECH

(
, p) + (a() , B(p))

and any quasi-inverse of Y is at

bounded distance from

!: E(H -+ F2G

(c , p)(((), ((p))

# : H + G is a quasi-inverseof p



Lemme : Let < :F -E
H

B : G + H S .

t -

4 : F
,

1G + E3H

(c
, p) 1 (x()

, B(p))

is a Q .
1

. If B is quasi-l-forous
them 4 is quasi-b-to-one.

Proof : Fix AdF2> M finite .

Let 2 CE be the collection of
G

colourings that appear
as the first

coordinate of an
element of A

,

and for cee
,

let A
,

A be the

set of elements of A having a

as first coordinate .

Thus

A = WAc
cel



IkIAI-14"Alll 1 1k. 1A
, 1-14"Ac//

#[ 1k . IBcI-IB"(Bl
CEY

where Ba : = /Ac),

since

FIG
&, EIM > AxAc

! if G !i !

GH Ba

(*) -Le C. B

- C . /Ec Al

because FETHA containsUScSxAB,
CEY

=> Y is quasi-k-to-one. I



Proposition: Notations as above

Y : 82G + ETH Q . I
.

(c
,p) r (x()

, P(p))

Then 5030 such that

&
Haus (B(mpp(c)), supp(aCalci)

for all .
Notations : in (X,

dx)
,

AcX

AtR : = U Bay la

&
Haus

(A,
B) : = inf(R30 : ACB+

BcA
+ R3

.

Proof : Let 2 1,
K30 be the

parameters of Y
,

and of
7 ECH + #16

(c
, p) + (x() , B (p)) .



Fix
. CEF.

Fix a sequence

of colourings

a = G ,
&2, . . . ,

an
= C

such that ai , ain differ only on

one point Pi , F1xin-1.

This way , Supplia)
= <P.Par

We have :

d ((x(ai), B(pi)) , (d(ai+ ) , B(pi))
= d(Y(ai , pi) , Plain, Pil)

! C . d (lai , Pil, (ai+. pi)) + K

canipul

= C + R CC2 , Pul

=> X(ai) , Glain) can only differ

on By (B(pi) , C+ K) Fesien-t



=> <(c) = <(ai)
,

x(22) ix(an)

can only differ
n - 1

n-1 + (2+H)

U BH /B(pil, (+k) =U <Bspil)
i= 1

i = 1
+ (C+b)

= [P(pu), ..., B(Pm-13
↓ (C+ k)

= B(supp(ic))
i.ei +(c+x)

supp(d()" acnl) < BEmpplai) ·

By Symmetry ,

Fo
, de E :

+(C+H]

supp(Š(d.1" x (dni) </supp(dide)
de = x(x) ,

dz = a (2) :

! (C+H)

supp(c' <n) < E(supp(a(,1 (2)
! apply B



! (C+H)

& /spp(<1) < B(B(supp(a)(1)) (
+(2(2+k) +x)

c B(55(supp(a(a) +x(2)))
+ ((c+4)+ k +4)

c supp(x()" <(c)

=

&
Haus (B(supp(cic), supp(a()" (1)
! (((+ ) + 2k = : Q .

D

Lemnat: Let n
,
mc 2 .

Let G
,

H

let
infinite groups .

U :
2(nz26 +

*/meiH

(c , p) + (x() , B(p))

for some bijection & and D .
I
.

B : G->H
.



For any quasi-inverse E of B ,

there exists &30 s .

t :

· For all A
,

CG
,

all Q1s & ,

= (B(Au)+4) is a union of
cosets of Z/An)

colouringssuppor
site

·For all AccH
,
Q' Q ,

& (2(BIAzI+31)isamin of the
As a consequence, n and m

have the same prime divisors .

Proof :
ACG finite

k

*(y(B(A)+3) = (di2(A)
i= 1

for some K1
, &1 ,

. . . , du me .



mIBCAta = 12 (BCAI+Y')

= ((2(p(a,
+y'))

= ( diy(t)) = k .
/Y(A)) = k . n't

i= 1

=> nim
lave same prime divisors. 1

Recall : In /E :G
, for ACG

,

2(A) **/nz
Hands for the

G
made of colourings

that

subgroup
are supported only on A

Lemma 2 : Let n , m> 2
,

G
,

H infinite
Assume JQ30 and two

groups.

maps
a : 4/nz -

*
/m

such that
,

G

for any colourings 2 .
30 Ex, if

G

supp(ai'2) <(p),
them



supp(x(c) " <(c2)) < By (p(p),c) .

Them
, for any

finite ACG
, any

cEOZInI
,

we have

G

~ (ch(A)) < x()2(B(A)
+

3) .

Procf of Lemna2 : By induction over IA1
.

If Il= 1
,

and let ce

Then
, if dec2(A)

,

then c deL(A)

i. e. Supploid) < Sp) , peG

=> supp(a("aldi)
< By(B(p), 9)

hypothesis
2 (2)

+a(d) + 2(B(p)\
+

9)
i.e .

i.e. a(d) = a()2(B(A,
+a) -

Assume that the claim holds

for a given cardinality and for

every colouring .
Let a+ A

,
c'Eck(A)



Then there is <"E cL/Aka))

such that c'ec"2(93) . By the

inductive assumption :

x(c") = x()Y(B(A(a))
+

9)

G (c) ex(")2(B(c)
+

3) -

Thus :

<(2) = x(c))2(B(c)
+a)

ch(c)2(B(AIas)
+&)2(B(a)

+

9)
= x(c)2(B(AYal)+-B(a)

+

4)

= x()2 (B(A)
+

a) .

I

Proof of Lemma 1 : I is aptolic

4 : /es 16 -> E/mis iH

(c
, p) + (x(), B(p))

By the proposition of last week,

7030 S .

ti



&
Haus (B/supp(ci'(2), supp(a()"< ll) < &

for all
. 24/2. In particular,

the assumption of Lemme 2 is

satisfied .

Let A
,

CG and D'sQ.

Let c'ex"(2(B(An)+3) .

Zet

de 2(1) .

Then
Lemma 2

< (c'd) <(c))2(B(AnI
+

3)

c x(c)2(B(A-1
+a)

= 2(B(An)
+a)

=> c'dEx (2(B(n)+4))
=> <(2(p(A+&1)) is a union of

cosets of L(A1) . 1

Proof of the main theorem :
Let

4:/ne 6 -> 4/me)M

(
, p) 1+ (x(

, p(p)) .



let C
,

K 30 be constants St . B

and E are (C, 1) - Q . F
.,

Bo, R

at distance - K from identities.

Claim: Yet p
be a prime and let

Pr (resp. P2) be the p-valuation of

n Cresp. of m).
Then there is a

Constant M31 such that

/(M-(p(A)+ 41) = M . 16A)

for any
A <G finite .

Proof of the claim :
Let ACG finite,

B : = E(B(A)
+4)

+ 4

.

We have

+ (C+ 3)R

Ac B - A -

Any a - A satisfies do (a, B(pcas) ->K

and B(a)E B(A) <BIA)
+ Let beB .

↓ such that
There exists yt p(A)

da (b
, Elys) - K .



Thus there is at A
, dy (y , Blas)K.

Heuce :

d (b
, a) = df(b, F(y))

+ dj (B(y) , 55(B(1)
+ dj (5(p(al), a)

(2k + C . du(y , B(a)) +
K

= (C+3) . K

=> B C A
+( +31k

.

Thus :

(A) - (BI [ /A
+(+ (k1 = 1Al+ 1A

+(+31k
-Al

-(A) + N(+3)k
. (62A)

where N33 is an integer larger
them

the maximal degree of a vertex in the

Cayly graph of G.

On the other hand :
J'(2 (B(A

+4)
is a union of cosets of 2/A) (Zemma1)



thus there is K1 S
.

t.

mIBIAIh1
= 12 (B(A)

+Y11 = 12(2(BIA+ Y)))
IAI

= R . (2(A)) = k . n

so the powers of p
in these I

integers
are the some :

pPz/Blathy = E . pPitAl -

Likewise, X(B) is a union of cosets

of L(BIAK) (Lemme 1)
,

there is

F 1 such that :

pRilBl = F . pP2
. /BCAstR

=> IBI = log (F)+ (BCAIT

Also :

log(f) < log(EF)= pi ((B)- 111)

= p
N(+3(k(22A)

hence :



#BAst/ -> 1BI - LBA21+ NKISIRAGA

Finally:

lIAI-BCA+1) /IAI-1BI/

+ lll-Flat
1 2N(+3k(yA) .

~ aim
=: M

Apply the claim with (Aulhem a Folwer

sequence of G :

11- +11 M . A
1 Aul

ma
-> c

k+ a

=> (IMI convers les
to #

=> there exists a rational ! such

that
, for any prime p , =



=> zk > 1
,

n = k
,

m = k

Lastly : scalingness of B .

Let

Act be finite . Then :

15111-11)> /F1A)- E -1 A
+m

! /FIA+1 - f . /BIB"(As)
+41)

+ 151P(B-AD+11- IB"All/

1 F. /Ath Al + E . /lA+
1 - 1B(B+(Ai)

+411

# 1 % /B/B"(Al)
+ 41 - IB"(A)I/

[F . R . (HAl + F . (A+k
. ( B(B+(i) +4)

+ M . 1G B
" (AIl

G
un

-L - /GA)
H + (2x -1)

One has Ath - B(p"Allth
**(G

+
A)

=> (A+./ B(B+(Ay)
+ ) = ((GyA)+ (2x- /
-
> p2r-/GHA)



where PC
,

3 is larger than the maximal

degree of a vertex in the Cayley graph

of H .

All this together :

ItAl-IB"CAI) = (E - R + M .L + = p2-) . K Al

=> B is quasi-f-to-one .

1
=>Y is quasi-e-to-one .

(+) let
y
= A

+4

/B(B
"

(A))
+ 4

+(k -1)

· yfA : yEA
+ iAc(2

n
1)

+ (2x -1)
c(2

+
A)

· yA : JxeG
, dyly ,B(x1) e K

y A B(B"(A))
+ 4

= Xt B"(A)

=> B(x) # A

+ (x-1)
= B(x) = A

+k
- Ac (GA)
+ (2x - 11

= yt (GyA) D(Q)



Theorem (D .,
2025) : let N

,
M be

polynomial growth groups,
with growth

degree n. m .

Let G
,

M be amenable,

finitely presented and in the class

Mexp (C = BSHin)
,

n31
,
or

SoL(zl
,
... ) .

Then any
Q.

F
.

NIG -> MIH is

quasi-u-to-one
.

In particular, any Q.
I.

N2G -> NEG

is at bounded distance from a bijection,

and Sc(NIG1= (1) .

Proposition: n
.
m32

,
Ne

.
Ne polynonialgrowth

groups of growth degrees m ,
he

G
,
HE Mexp finitely presented, amenable!

If Ja Q . I :

#/21(NeiC) -> E/mz) (N2(H)

them there are integers a ,
v
.
531



such that n = a
v

m = aS
/

n2
and F =

Proof : If 4:/* > (N+ <6) -> /mei(N22H)

thei (c,p) + (x(c)
, B<p1)

and B : W
1

16 + N22H .

Previous thm => B is quasi-1-to-ourni

=> Y is quaci-he-to-one
.

last week

But Genevois-Tessera's thm

=> Ja,
r
,
s
,

n = ar
,

m = as

B is quesi-e-torone ,
and I also.

n2
I = - - B=> r n1

uniqueness
of scaling

factor

Example : 132

=> 4/222(** BSn, u))

ta
.

l . /422 (ELBSH.n)


