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Introduction
In [1], Jacques Dixmier proved that any amenable group is unitaris-
able, and asked whether the converse holds. This question, still open,
is known as the Dixmier’s unitarisability problem. Since then, a lot of
progress has been made towards the understanding of the class of uni-
tarisable groups, especially by Gilles Pisier. The goal of the thesis is to
explain another approach to one of Pisier’s result, much more geomet-
ric than the initial one, developed by Schlicht in [2].

The cone P(H)
We denote P(H) the set of positive invertible operators on a complex
separable Hilbert spaceH . It is a "cone" inside B(H).

Lemma. If 𝐴, 𝐵 ∈ P(H) and 𝜆 > 0, then 𝐴 + 𝐵,𝜆𝐴 ∈ P(H).

Ametric structure on P(H)

This cone carries a rich metric structure, different from the normed
structure inherited from B(H), via themap

d: P(H) × P(H) −→ [0,∞)
(𝐴,𝐵) ↦−→ ∥ ln(𝐴−1/2𝐵𝐴−1/2)∥.

It is also a Aut(H)−space via
Aut(H) × P(H) −→ P(H)

(𝐴,𝑃 ) ↦−→ 𝐴 · 𝑃 ··= 𝐴𝑃𝐴∗.

This action of Aut(H) is compatible with the distance d.

Proposition. (P(H),d) is ametric space, andAut(H) acts continuously,
transitively and isometrically on (P(H),d).

Lastly, this metric space is geodesic.

Proposition. Let 𝐴, 𝐵 ∈ P(H). Themap
𝜎 (𝐴, 𝐵, ·) : [0, 1] −→ P(H)

𝑡 ↦−→ 𝐴1/2
(
𝐴−1/2𝐵𝐴−1/2)𝑡𝐴1/2

is a geodesic between 𝐴 and 𝐵 . Moreover, Aut(H) ↷ P(H) preserves
those geodesics, i.e.

𝜎 (𝐴 · 𝐵, 𝐴 ·𝐶 , 𝑡 ) = 𝐴 · 𝜎 (𝐵,𝐶 , 𝑡 )
for all 𝐴 ∈ Aut(H), 𝐵,𝐶 ∈ P(H) and 𝑡 ∈ [0, 1].
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Figure 1: Two geodesics in P(H)

The convexity inequality

A crucial feature of this structure is the convexity of the distance be-
tween two such geodesics. This reflects the non-positive curvature of
(P(H),d) (see Figure 1).

Theorem. Let 𝐴, 𝐵,𝐶 ,𝐷 ∈ P(H). Then
d(𝜎 (𝐴, 𝐵, 𝑡 ), 𝜎 (𝐶 ,𝐷, 𝑡 )) ≤ (1 − 𝑡 )d(𝐴,𝐶 ) + 𝑡d(𝐵,𝐷)

for all 𝑡 ∈ [0, 1].

Towards Pisier’s result

The class of unitarisable groups

Definition. A representation 𝜋 : 𝐺 −→ Aut(H) of 𝐺 on a Hilbert space
(H , ⟨·, ·⟩) is calledunitarisable if there exists𝑆 ∈ Aut(H) so that𝑆−1𝜋 (𝑔 )𝑆
is unitary, for all 𝑔 ∈ 𝐺 . In that case, we say 𝑆 unitarises 𝜋 . Moreover, 𝜋
is called uniformly bounded if there exists𝐶 > 0 so that

∥𝜋 (𝑔 )∥ ≤ 𝐶

for all 𝑔 ∈ 𝐺 . For such representations, we set |𝜋 | ··= sup𝑔 ∈𝐺 ∥𝜋 (𝑔 )∥.

Definition. A group𝐺 is called unitarisable if all its uniformly bounded
representations are unitarisable.

We then show that finite groups are unitarisable. More generally, we es-
tablish themajor result of Dixmier in [1].

Theorem. Amenable groups are unitarisable. In particular, ℤ𝑑, ℚ𝑑, ℝ𝑑

are unitarisable for all 𝑑 ≥ 1.

We also provide examples of non-unitarisable groups.

Theorem. Any group containing 𝐹2 as a subgroup is not unitarisable. In
particular, 𝐹𝑑 is not unitarisable for all 𝑑 ≥ 2, as well as SL2(ℤ), SL2(ℝ),
GL2(ℤ), GL2(ℝ).

Group actions on P(H)

A representation 𝜋 of a group𝐺 on a Hilbert spaceH induces an action
of the group on P(H), via

𝜃𝜋 : 𝐺 × P(H) −→ P(H)
(𝑔 , 𝑃 ) ↦−→ 𝜋 (𝑔 )𝑃𝜋 (𝑔 )∗.

The crucial observation is that this action has fixed points if and only if
𝜋 is unitarisable.

Lemma. If 𝑆 unitarises 𝜋 , then 𝑆𝑆∗ is a fixed point of 𝜃𝜋 . Conversely, if𝑇
is fixed by 𝜃𝜋 (𝑔 , ·) for all 𝑔 ∈ 𝐺 , then𝑇 1/2 unitarises 𝜋 .

Pisier’s theorem takes then the following form.

Theorem. Let𝐺 be a unitarisable group.
There exist universal constants 𝛼, 𝐾 > 0, depending only on𝐺 , so that
for anyuniformlybounded representation𝜋 of𝐺 , there exists𝑆 unitaris-
ing 𝜋 with

∥𝑆 ∥∥𝑆−1∥ ≤ 𝐾 |𝜋 |𝛼.

Translated geometrically, this gives:

Theorem. Let𝐺 be a unitarisable group.
There exist universal constants 𝐶 ∈ ℝ, 𝛼 > 0, depending only on𝐺 , so
that for any uniformly bounded representation 𝜋 of𝐺 , one has

d(P(H)𝐺 , IdH) = d(P(H)𝐺 ,OIdH) ≤ 𝐶 + 𝛼2diam(OIdH).
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